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In recent years, there has been an increasing interest in topological phases in physical systems. Topological phases
are separated regions in parameter space, characterized by different topological invariants. The interfaces between
topological phases exhibit exotic behavior, displaying unidirectional surface currents that are robust against scattering
from disorder and imperfections: phenomena known today as the characteristic features of topological insulators [1,2].
Topological insulators have been suggested to have major applications in quantum computing, giving rise to disorderprotected optical systems and spintronic devices, to name just a few. Specifically, in photonic systems, studies show
that topological phases are abundant, appearing in many different systems. Examples are waveguide arrays [3],
coupled optical resonators [4], and more. In some of these cases, the systems are nonlinear and/or non-Hermitian, and
it is extremely hard to know if the system under study is topological or not, especially when carrying out measurements
in an experimental system. In some settings, it is possible to determine if the system is topological by testing transport
of edge states, but in many cases this is not accessible or not unequivocal. For example, if the propagation distance in
the system is too short to determine whether (or not) the transport is topologically protected. To date, examining
physical settings and deciding if they are in a non-trivial topological phase is always hard and often inaccessible, even
when the model is known. Recent work proposed to use artificial neural networks for identifying topological phases
[5]. However, artificial neural networks rely on known topological models as prior knowledge, as manifested in the
network training stage. This poses an inherent problem: using known models to discover new ones has major
limitations, especially when considering the new and unexplored regimes. Most certainly, many (possibly infinite)
physical models can be topological, and are not associated with any topological model known today.
Here, we use diffusion maps [6], a fundamentally different methodology to classify systems according to their
topology without any prior knowledge, based solely on arbitrary measurements. Diffusion maps is a known manifold
learning methodology. We show that manifold learning reveals the hidden topology in complex systems, and apply it
to simulations and experimental data. Automatically distinguishing between topological phases without any prior
knowledge relies on the intrinsically different wavefunction structure of the eigenmodes in different topologies.
Manifold learning is a data-driven method for analyzing complicated data sets. Its main assumption is that often
data is constrained to lie on or around a low-dimensional manifold. The idea is then to build a low-dimensional
embedding of the data, such that it parametrizes the underlying manifold structure.
We begin by demonstrating the method on an archetypical model known as the Haldane model [7], which underlies
many topological systems, and can be described by wavefunctions conforming a honeycomb lattice under a nonuniform magnetic field (Fig.1a). The magnetic field breaks time-reversal symmetry. On the Haldane model, which is
topological, we introduce detuning between the two underlying sub-lattices of the honeycomb. The detuning breaks
parity symmetry. This detuned Haldane model is in a topological phase when the time reversal breaking is dominant
over the parity symmetry breaking, and trivial in the opposite case.

Figure 1: (a) The Haldane unit cell: the green and blue lattice sites indicate the two underlying sublattices whose potential is detuned from one
another. The red and blue inward and outward arrows are the non-uniform magnetic field. (b,d) Arbitrary initial bulk excitation of the Haldane
model in the topological and the trivial cases, respectively (low and high detuning). (c,e) The state of (b,d) after time KT, respectively. (f) Scatter
plot of the first two principal components of diffusion maps in the first simulation. The points are colored by the detuning in the honeycomb
potential. (g) The third principal components of diffusion maps as a function of the detuning in the second simulation.
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We use this detuned-Haldane model as a testbed to simulate the ability of manifold learning to classify the topological
phases of the system. In the first simulation, we generate random initial wavefunctions for 100 different detuned
Haldane systems, each with its detuning, and observe how initial wavefunctions evolve in a system with 𝑀 = 157
sites (Fig.1b-e).
In experimenting with the detuned Haldane system, it is possible to observe whether the system is topological (or
not) by examining the dispersion curve (very hard to do in experiments), or by examining the propagation of edge
states, which is very demanding and not unequivocal in experiments. We are therefore motivated to simulate the more
challenging case where the excitation is only in the bulk and not on the edges (Fig.1b,d). In the propagation simulations
we used, there is no visible deference between the phases (Fig.1c,e). However, our manifold learning algorithm is able
𝑖 (𝑡)
to make a clear distinction between the phases and classify them correctly. In brief, let 𝜓𝑚
∈ ℂ be the wavefunction,
where 𝑚 ∈ {1,2, … , 𝑀} is the site, 𝑡 ∈ {𝑇, 2𝑇, … , 𝐾𝑇} is time, where 𝐾𝑇 is larger than the typical dynamics of the
system, and 𝑖 ∈ {0.1,0.2, … ,10} is the normalized detuned potential. We then apply diffusion maps to {𝜓 𝑖 ∈ ℂ𝑀×𝐾 }𝑖
where 𝜓 𝑖 is the evolution of the entire lattice 𝑖 (with its specific detuning). Diffusion maps provides a new
representation to {𝜓 𝑖 }𝑖 , taking into account the local relations between the different {𝜓 𝑖 }𝑖 and parametrizing the global
manifold structure into a Euclidean space. In Fig.1f, we present the first two “principal components” of diffusion
maps. The topological phases are distinguishable in the new representation.
The first simulation relied on monitoring transport of arbitrary excitation. However, examining the full evolution
(absolute value and phase) for an extended period, is often not accessible in experiments. Therefore, we repeat the
process with a second simulation, which uses as input data that is more accessible experimentally: the amplitude at
𝑖 (𝐾𝑇)
the final time 𝐾𝑇, {|𝜓𝑚
|}𝑖 , and only that. We excite the system as in the first simulation, but in this scenario, we
use 200 different random bulk excitations for each detuned Haldane model. First, for each detuned Haldane model
we compute the sample covariance from the 200 different random excitations. Then, we apply diffusion maps to the
200 covariance matrices with the Riemannian norm [8]. In Fig.1g we present the third principle component of diffusion
maps as a function of the detuning. The phases are still distinguishable. We note they are distinguishable also in the
first two components, but we chose to present the third since there, it is pronounced best visually.
Next, we demonstrate the method on recently published experimental results of a photonic type-2 Weyl point [9].
The photonic Weyl point is a band-crossing point in the spectrum of a 3D lattice. Ref. [9] demonstrates how a 2D
waveguide array (Fig.2a) can have a Weyl point in its spectrum when considering the wavelength as a third degree of
freedom. The Weyl point can be viewed on a phase diagram as a boundary in frequency and lattice-period space
(Fig.2b). The experimental data is 145 intensity (amplitude) pictures at the output of the system (Fig.2c), on which we
use diffusion maps. In Fig.2d we plot a low dimensional presentation of the diffusion maps principle components
using tSNE [10]. Interestingly, the Weyl point is manifested visually as a 'knee' point in the new representation.
Arranging all points on a wavelength – lattice-period space gives the reconstructed phase diagram which is just slightly
different than the theoretical one (Fig.2e). These differences are within the experimental margins of error.
To conclude, we introduced a manifold learning approach for identifying topological phases based on partial
arbitrary information without any prior knowledge or assumptions.

Figure 2: (a) Helical waveguide array of the experiment of [13]. (b). Calculated phase diagram related to the Weyl point (red line) in the system of
(a) (c) Example of an experimental output intensity image. (d) A dimensionality reduction (tSNE) presentation to the obtained reparameterization
(diffusion maps) to the real experimental Weyl data.(e) Extracted phase diagram. Each point corresponds to an experiment. The color of each point
is based on its position relative to the break point of the curve in (c). Green points are to the left of the break point, and blue to the right.
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