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ABSTRACT

In this paper, we consider the problem of aligning data sets of short
temporal signals without any a-priori known correspondence. We
present a method combining Koopman operator theory and the Rie-
mannian geometry of symmetric positive-definite (SPD) matrices.
First, by taking a Koopman operator theory standpoint, we build
feature matrices of the signals using dynamic mode decomposition
(DMD). Second, we align these features using parallel transport of
SPD matrices, built from the DMD feature matrices. We showcase
the performance of the proposed method on simulated observations
of a mechanical system and on two real-world applications: sleep
stage identification and pre-epileptic seizure prediction.

Index Terms— Koopman operator, dynamic mode decomposi-
tion, domain adaptation, Riemannian geometry, parallel transport

1. INTRODUCTION

Aligning sets of measurements is a long standing problem in applied
science, which has emerged over the years in many forms in a broad
range of fields. Notable examples include domain adaptation in data
analysis [1, 2], transfer learning in machine learning [3], and batch
effect removal in bioinformatics [4], to name but a few. Here, we
focus on aligning data sets of short temporal signals.

Broadly, when analyzing signals in the time domain, it is often
useful to view the signals as observations of a dynamical system, as-
suming that the analysis of the dynamical system provides important
information on the signals. To this end, one could take advantage of
a recent line of methods that attempt to learn the dynamical system
from observations in a model-free manner, e.g. [5, 6, 7]. Among
these methods, perhaps the most prominent approach is based on
Koopman operator theory (see [8] and references therein).

Koopman operator theory has assumed an increasing role in the
study of dynamical systems in recent years, and particularly, it has
important utility in data-driven dynamical systems analysis from ob-
servations. The Koopman operator is an infinite-dimensional lin-
ear operator that represents a possibly non-linear dynamical sys-
tem by describing the linear evolution of functions defined on the
state space. Over the years, several methods to construct a finite-
dimensional operator (matrix), which approximates the Koopman
operator from system observations, have been proposed. Perhaps the
most commonly-used is the dynamic mode decomposition (DMD)
[9, 10], which has opened the door to a line of extensions, e.g.
[11, 12].

In this paper, we present a two-step method for aligning data sets
of short temporal signals. At the first step, we compute a DMD ma-
trix approximation of the Koopman operator of each short temporal

signal in the data sets at hand. These matrices are viewed as features
that capture the dynamical information of the signals. At the second
stage, we define a symmetric positive-definite (SPD) matrix based on
each DMD matrix. The Riemannian geometry of SPD matrices has
been studied for many years (see [13] and references therein). Pre-
sumably, the fact that many basic operations, such as the logarithmic
and exponential maps and the Riemannian distance, have explicit
closed-form expressions has made SPD matrices convenient and use-
ful features. Indeed, SPD matrices have been commonly-used, and
their Riemannian geometry has been incorporated in computational
methods for various tasks, often achieving state of the art perfor-
mance [14, 15, 16, 17]. Here, we propose to use parallel transport
of SPD matrices [18], which has an explicit expression as well and
can be efficiently implemented [16], in order to align sets of DMD
matrices. Specifically, in order to align two sets, we propose to par-
allel transport the SPD features of the signals of one set from their
Riemannian mean to the Riemannian mean of the other set along the
unique geodesic path. Seemingly, parallel transport is nothing more
than the Riemannian counterpart of mean subtraction. Yet, we show
that by applying such a parallel transport to the SPD features, we
attain a useful alignment of the respective DMD matrices in terms of
the signal dynamics. In addition, we describe a natural extension for
aligning more than two sets of signals.

We demonstrate the properties of the proposed method on obser-
vations of a simulated mechanical system. In addition, we present
two applications: sleep stage identification and pre-epileptic seizure
detection, where we show accurate alignment of signals recorded
from different subjects in a completely unsupervised, data-driven,
and model-free fashion.

2. PROBLEM FORMULATION

Consider a dynamical system controlled by parameters, which is de-
scribed by the following differential equation

ẋ = F (x;α) (1)

where x∈Mα is the system state,Mα ⊆ Rd is the state space em-
bedded in a d-dimensional Euclidean space, and α = {α1, . . . , αN}
is a set of parameters. Suppose we have two sets of observations
of the dynamical system. Let {X(1)

i }
N1
i=1 denote the set of N1 short

temporal trajectories of observations, where the system is configured
with the set of parameters α1. Each trajectory X

(1)
i ∈ Rd×M con-

sists ofM time samples of the state x ∈ Rd of the respective system
at a discrete uniform sampling grid, where the system is initialized at
x
(1)
i,0 . Similarly, let {X(2)

j ∈ Rd×M}N2
j=1 denote the set of N2 short

temporal trajectories of observations, where the system is configured



Algorithm 1: Proposed Alignment

Input: Sets of temporal signals {X(1)
i }

N1
i=1, {X(2)

j }
N2
j=1

Output: Sets of aligned matrices {P̃(1)
i }

N1
i=1, {P

(2)
j }

N2
j=1

1 for i = 1, ..., N1 do
2 Build the delay coordinates of X(1)

i according to (2)
3 Set X̂(1)

i and Ŷ
(1)
i according to (3) and (4)

4 Compute the DMD matrix K
(1)
i according to (5)

5 Build the SPD matrix P
(1)
i according to (6)

6 end
7 Compute P

(1) ← RiemannianMean({P(1)
i }

N1
i=1)

8 repeat Steps 1-7 for X(2)
j , j = 1, . . . , N2

9 Set E =
(
P

(2)
(P

(1)
)−1
)1/2

10 for i = 1, ..., N1 do
11 Compute P̃

(1)
i = EP

(1)
i ET

12 end

with the set of parameters α2. Our goal is to devise a scheme that
aligns the two sets of observations {X(1)

i }
N1
i=1 and {X(2)

j }
N2
j=1 based

on their respective dynamics in a purely data-driven fashion, without
any a-priori known correspondence.

To make this task more concrete, we present an illustrative toy
problem. Consider the mechanical system of coupled pendula with
equal masses and equal lengths, and assume a linear regime pertain-
ing to only small perturbations of the system around the equilibrium
point (see [6] for details). Such a system is controlled by three pa-
rameters: the pendula length `, the pendula mass m, and the spring
constant k. The state of such a system is 4-dimensional, consisting
of the positions and the velocities of the two pendula. Solving the or-
dinary differential equation describing the evolution of the pendula
positions within the linear regime yields that the position of each
pendulum in time is given by

c1 cos(ω1t) + c2 cos(ω2t)

where ω1 =
√
g/`, ω2 =

√
g/`+ 2k/m, g represents gravity,

and c1 and c2 are coefficients determined by the initial conditions.
For the purpose of illustration, consider two dynamical regimes:
regime 1 where c1 > c2 and regime 2 where c1 ≤ c2. Now,
let {X(1)

i }
N1
i=1 be a set of trajectories of temporal state observa-

tions, where the system is configured with the set of parameters
α1 = {`1,m, k}, and let {X(2)

j }
N2
j=1 be a set of trajectories of tem-

poral state observations, where the system is configured with the set
of parameters α2 = {`2,m, k}, assuming `1 6= `2. In the context
of this problem, our goal is to align the two sets, so that trajectories
from different sets but from the same dynamical regime are matched.

3. KOOPMAN OPERATOR THEORY

There is a vast literature on Koopman operator theory, and particu-
larly, on estimating the Koopman operator from temporal observa-
tions in a model-free manner (e.g., see [8, 9, 10]). For brevity, we
describe here a particular method, called the exact DMD approxi-
mation [10], which is used in our empirical study; other alternatives,
e.g., [11, 12], can be implemented and used in the context of this
work in a similar manner.

Let Xi ∈ Rd×M be a single trajectory ofM consecutive tempo-
ral observations. To facilitate accurate DMD approximation, Takens’
delay coordinates [19] are considered, i.e., we define

x̂i(n) = [xTi (n), . . . ,x
T
i (n+l−1)]T ∈ Rd·l, n = 1, . . . ,M−l+1

(2)
where xi(n) ∈ Rd is the n-th sample (column) in the trajectory Xi,
and l > 1 is a tunable integer parameter. The delay coordinates are
then organized into two matrices as follows:

X̂i = [x̂i(1), x̂i(2), . . . , x̂i(M − l)] ∈ R(d·l)×(M−l) (3)

Ŷi = [x̂i(2), x̂i(3), . . . , x̂i(M − l + 1)] ∈ R(d·l)×(M−l) (4)

The matrix approximation Ki ∈ R(d·l)×(d·l) of the Koopman oper-
ator satisfies Ŷi = KiX̂i. Accordingly, the exact DMD approxima-
tion [10] is given by

Ki
4
= ŶiX̂

+
i (5)

where X̂+
i denotes the Moore-Penrose pseudo-inverse of X̂i, given

by X̂+
i = X̂T

i

(
X̂iX̂

T
i

)−1

.

4. PROPOSED METHOD

The proposed method for aligning two sets of short temporal sig-
nals consists of two main steps. At the first step, given the two sets
{X(1)

i }
N1
i=1 and {X(2)

j }
N2
j=1, for each signal X(k)

i , k = {1, 2}, we
build the exact DMD approximation as described in Section 3. The
resulting DMD matrix is denoted by K

(k)
i , encapsulating the tempo-

ral dynamics of the signal. This procedure yields two sets of DMD
matrices {K(1)

i }
N1
i=1 and {K(2)

j }
N2
j=1.

At the second step, we define an SPD matrix based on each
DMD matrix

P
(k)
i = K

(k)
i (K

(k)
i )T (6)

yielding the sets {P(1)
i }

N1
i=1 and {P(2)

j }
N2
j=1.

Considering SPD matrices as features entails many advantages.
Here, we make use of the Riemannian distance defined between any
two SPD matrices Pi and Pj by

dR(Pi,Pj) =

∥∥∥∥log(P− 1
2

j PiP
− 1

2
j

)∥∥∥∥2
F

(7)

where log(·) is the matrix logarithm and ‖·‖F is the Frobenius norm.
Based on the Riemannian distance, for each set k = {1, 2}, we com-
pute the corresponding Riemannian mean P

(k)
using an iterative al-

gorithm proposed in [14], which is based on [20]. Then, in order to
align the two sets, we parallel transport (PT) the set {P(1)

i }
N1
i=1 from

P
(1)

to P
(2)

along the unique geodesic path connecting P
(1)

and
P

(2)
. We use the efficient implementation presented in [16], circum-

venting the logarithmic and exponential maps, where the transported
matrices are explicitly given by

P̃
(1)
i = EP

(1)
i ET (8)

where

E =
(
P

(2)
(P

(1)
)−1
)1/2

(9)

Consequently, the two set {P̃(1)
i }

N1
i=1 and {P(2)

j }
N2
j=1 are considered

aligned. The alignment algorithm is summarized in Algorithm 1.



Fig. 1: MDS based on the Riemannian distances between the DMD-
based features. The top row presents features before the alignment,
and the bottom row presents features after the alignment. At the left
column the features are colored by the dynamic regime, and at the
right column by the pendula length `1 and `2.

The proposed alignment is based on the specific Riemannian ge-
ometry of SPD matrices. Yet, by combining (6) and (8), it can ap-
plied directly to the DMD matrices K(1)

i by

K̃
(1)
i = EK

(1)
i

yielding the aligned sets {K̃(1)
i }

N1
i=1 and {K(2)

j }
N2
j=1.

The extension of the algorithm to more than two sets is straight-
forward. Consider now Ns sets of trajectories of temporal observa-
tions {X(k)

i }
Nk
i=1, where k = 1, ..., Ns. Repeating the construction

described earlier, let {K(k)
i }

Nk
i=1 denote the sets of DMD matrices

and let {P(k)
i }

Nk
i=1 denote the corresponding sets of SPD matrices.

Broadly, in order to align the Ns sets, we propose to parallel trans-
port the matrices to the Riemannian mean of the Riemannian means.

Concretely, let P denote the Riemannian mean of {P(k)}Ns
k=1,

where P
(k)

is the Riemannian mean of the k-th set {P(k)
i }

Nk
i=1. We

propose to parallel transport each set {P(k)
i }

Nk
i=1 along the unique

geodesic path connecting P
(k)

and P. By (8) and (9), we now have

P̃
(k)
i = EkP

(k)
i ETk , Ek =

(
P(P

(k)
)−1
)1/2

for k = 1, . . . , Ns, yielding the followingNs aligned sets
{
P̃

(k)
i

}Nk

i=1
.

5. EXPERIMENTAL RESULTS

5.1. Coupled Pendula

We revisit the coupled pendula system described in Section 2. We
simulate two systems with equal mass m = 1 kg and spring con-
stant k = 750, but with different pendula lengths: `1 = 1 m and
`2 = 2 m. The systems are initialized with a set of N1 = N2 = 441
initial conditions, where the initial positions of the pendula are at

fixed angles (θ1, θ2) = (0.1,−0.1) and the initial velocities of the
pendula in m/s span the uniform 2D grid {−1,−0.9, . . . , 0.9, 1}2.
We collect the respective two sets of trajectories {X(1)

i }
N1
i=1 and

{X(2)
j }

N2
j=1 of length M = 1000.

We apply Algorithm 1 to {X(1)
i }

N1
i=1 and {X(2)

j }
N2
j=1 using de-

lay coordinates with l = 2 and present the results in Fig.1. The
top row presents the multi-dimensional scaling (MDS) [21] obtained
based on the Riemannian distances (7) between {P(1)

i } ∪ {P
(2)
j },

namely, before the alignment. The bottom row presents the MDS ob-
tained based on the Riemannian distances between {P̃(1)

i }∪{P
(2)
j },

namely, after the alignment. At the left column, the embedding is
colored according to the regime (regime 1 or regime 2), and
at the right column, the embedding is colored by the system config-
uration (`1 or `2) .

We observe that at the top row the embedding is primarily clus-
tered according the system configuration, where each cluster is or-
ganized according to the dynamic regime. Conversely, at the bottom
row, the embedding is organized according to the regime and the sys-
tem configuration is not pronounced, indicating a useful alignment
between the sets with different system configurations. Importantly,
we emphasize that the information about the dynamic regime was
not taken into account in the alignment, and the result is obtained in
a purely unsupervised fashion based on geometric considerations.

In order to further illustrate the proposed alignment, we exploit
the analytic form of the Koopman operator of this system. The
coupled pendula system can be recast as a linear first order differ-
ential equation in discrete time xn+1 = Kxn, where xn is a 4-
dimensional state consisting of the delayed coordinates of the two
pendula positions, and

K =

 0 0 1 0
0 0 0 1
−1 0 γ β
0 −1 β γ

 (10)

where β = k
m

(4t)2, γ = 2− g
`
(4t)2 − β, and4t is the discrete

time step. This implies that the Koopman operator of the system is
finite (a matrix). In addition, (10) gives a parametric form for the
estimated Koopman operators from the system observations.

Specifically, we consider

P = KKT =


1 0 γ β
0 1 β γ
γ β 1 + γ2 + β2 2γβ
β γ 2γβ 1 + γ2 + β2

 (11)

and extract the pendulum length from the aligned matrices {P̃(1)
i }

as follows

ˆ̀
i =

g (4t)2

2

(
1

2− γ̂ − β̂
+

1

2− γ̂′ − β̂′

)

where γ̂ = P̃
(1)
i [1, 3], β̂ = P̃

(1)
i [1, 4], γ̂′ = P̃

(1)
i [2, 4], and β̂′ =

P̃
(1)
i [2, 3].

The obtained average pendulum length across all trajectories is
2.0132 with standard deviation of 6.7 · 10−3. Indeed, we observe
that the parametric form of the aligned matrices {K̃(1)

i } coincides
with the parametric form of {K(2)

j }. Importantly, this alignment is
obtained in a model-free manner, considering only the geometry of
the DMD features.



Fig. 2: tSNE plots based on the Riemannian distances between the
DMD-based features. The top row presents features before the align-
ment, and the bottom row presents features after the alignment. At
the left column, the features are colored by the sleep stage, and at
the right column, the features are colored by the subject.

5.2. Sleep Stage Identification

Sleep stage identification is the task of identifying the sleep stage of a
person as a function of time based on a multitude of sensor measure-
ments acquired in special sleep clinics. The main sleep stages are
awake, rapid-eye-movement (REM), and non REM (NREM) [22].
Accurate identification of the sleep stage during the sleep cycle pro-
vides important information to sleep analysis, and particularly for
diagnosis of various sleep disorders, e.g. sleep apnea [23].

We use the “CAP Sleep Database” [24] from PhysioNet [25].
This dataset contains EEG recordings from 5 electrodes acquired
during a night sleep from 20 subjects. The recordings are divided to
segments of 30 seconds. Each segment was labeled by human ex-
perts with the corresponding sleep stage: awake, REM, and NREM.
Our goal is to identify the sleep stage based on the EEG measure-
ments in a subject independent manner. We apply the extension of
Algorithm 1 described in Section 4 and present the results in Fig. 2
using tSNE [26] obtained based on the Riemannian distances be-
tween the SPD features. The top row presents features before the
alignment, and the bottom row presents features after the alignment.
At the left column, the features are colored by the sleep stage, which
was not used in the feature extraction procedure, and at the right
column, the features are colored by the subject index. We observe
that the features before the alignment are clustered by the subject,
whereas the features after the alignment are clustered by the sleep
stage. This implies that the combination of DMD-based features and
PT removes the inter-subject variability while preserving significant
information on the sleep stage, in an unsupervised fashion.

To quantify this observation, we apply an SVM classifier [27]
with a leave-one-subject-out cross-validation and compare the re-
sults with a similar approach using PT based on the covariance ma-
trices of the segments [16]. The resulting classification accuracy is
depicted in Table.1. Indeed, we clearly observe the contribution of
the alignment. In addition, we observe that the DMD-based features

Table 1: Sleep stage identification accuracy.

Accuracy Before Alignment After Alignment

Method proposed in [16] 67.6% 72.2%
Our method 73.5% 81.2%

Table 2: Pre-epileptic seizure prediction.

Scenario Method Recall Precision

Inter-subject FT-based 64.7 97.3
Our method 93 99.4

Intra-subject FT-based 85 99.3
Our method 95 99.7

facilitate better performance compared to the covariance matrices.

5.3. Pre-epileptic Seizure Detection

Pre-epileptic seizure detection is the task of identifying the minutes
before an epileptic seizure occurrence. Such a detection allows
for fast treatments and life-saving actions. We use the repository
from the American Epilepsy Society Seizure Prediction Challenge
on Kaggle1, which contains EEG recordings from 16 electrodes
mounted on 4 dogs (subjects). We consider segments of 60 seconds,
sampled at 400 Hz, and focus on two types of segments: (i) segments
recorded 5 minutes prior to a seizure, labeled as pre-seizure,
and (ii) segments recorded remotely from a seizure, labeled as as
interictal. There are 500–1000 segments per dog, out of which
approximately 10% are labeled pre-seizure.

Our goal is to detect the pre-epileptic segments in a subject inde-
pendent manner. We apply the extension of Algorithm 1 described
in 4 with one modification. The Riemannian means of the sets are
computed based only on the interictal segments, because em-
pirically we found that the pre-seizure segments are outliers
and introduce bias. Since this procedure requires the labels, we used
25% of the interictal segments for this purpose and applied the
alignment and subsequent detection on the remaining 75%.

To quantify the detection, we use an SVM classifier with a leave-
one-subject-out cross-validation. As a baseline, we apply the SVM
classifier to the recordings of each subject separately. In addition,
we compare the results to one of the leading algorithms from the
competition, which is based on features computed using the Fourier
transform (FT). For their alignment, we use mean subtraction.

The average classification accuracy over the 4 subjects is de-
picted in Table. 2. We observe that in the inter-subject scenario, our
method based on the DMD-based features and the geometry align-
ment significantly outperforms the competing method. In addition,
our method is also superior in the intra-subject scenario.

6. CONCLUSIONS

In this paper, we proposed an algorithm for aligning sets of short
temporal signals. The algorithm is based on the combination of
Koopman operator theory and the Riemannian geometry of SPD ma-
trices. Future work will focus on a theoretical justification of the
algorithm, on handling noise, and on the incorporation of more ad-
vanced finite approximations of the Koopman operator.

1http://www.kaggle.com/c/seizure-prediction.

http://www.kaggle.com/c/seizure-prediction
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